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1. INTRODUCTION 
The main objective of this paper is to study certain classes of completely 
distributive complete lattioes and their complete lattices of complete 
congruence relations. An important tool in our investigations is a funda- 
mental result obtained by Raney [6], [7], which states that a complete 
lattice is completely distributive if and only if it is a subdirect product 
of complete chains. In section 3 we start our work with investigating the 
lattice of complete congruence relations of a complete chain. The main 
result of this section is that this lattice is a Heyting algebra and therefore 
distributive. (Theorem 3.6 and Corollary 3.7). In section 4 we prove some 
theorems which pave the way to our work in section 5. The main part 
of section 6 is devoted to the class W which consists of all completely 
distributive complete lattices, all of whose complete homomorphic images 
are complete rings of sets. It is well known that every completely distri- 
butive complete lattice is a complete homomorphic image of a complete 
ring of sets but not every such lattice is a complete ring of sets. Examples 
of lattioes that belong to A%? are complete atomic Boolean algebras and 
complete (dual) ordinals. Indeed, every complete atomic Boolean algebra 
is a power algebra. 
Also, a complete (dual) ordinal is a complete ring of sets and a complete 
homomorphic image of a complete (dual) ordinal is again a complete 
(dual) ordinal. As our first result we prove that every completely distri- 
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butive complete lattice which is countable belongs to 9 (Theorem 6.1). 
We then show that a completely distributive complete lattice belongs to 
W if and only if its lattice of complete congruence relations is a power 
algebra. We finally consider a class which arises in a natural way in 
connection with 9. That is the class 9 of all completely distributive 
complete lattices none of whose complete homomorphic images (except 
the one element lattice) is a complete ring of sets. We show that 9 consists 
precisely of those completely distributive complete lattices which are 
dense in itself. (Theorem 5.7). 
2. PRELIMTNARIES 
If L is a lattice and CL, b E L, S C L, then a+ b, ab and 2 S, ~ S will 
denote sums (joins) and products (meet) respectively. For a, b E L, a< b, 
[a, blL, (a, bh [a, bh ( a L 1 and [a)L have the usual meaning. In most 
cases if there is no danger of confusion, we will simply write [a, b] instead 
of [a, b]L etc. 
A complete lattice is com&ztely distributive if it satisfies 
A complete homomorlphism is a mapping between complete lattices which 
preserves finite and infinite sums and products. In this paper the notion 
of subdirect product of complete lattices is used in the usual sense, but 
it is understood that the corresponding embedding and projections are 
complete. If L is a complete lattice then a complete congmcence relation 
6 on L is a congruence relation which enjoys the substitution property 
for infinite lattice operations. The complete lattice of complete congruence 
relations of L is denoted by Con (L). For 13 E Con (L), L/O denotes the 
complete quotient lattice of L modulo 8 and for a E L, [ale denotes the 
congruence class of L modulo 0 containing the element a. If h: L + L’ 
is a complete homomorphism between complete lattices then the kernel 
of h, denoted by ker h is the complete congruence relation 8 on L defined 
by 5 = y(0) + h(z) -h(y) for x, y EL. We will use the symbols 1 and 2 
to denote the one - and two elements lattice respectively. We finally 
note that products in Con (L) are the same as products in the lattice 
of all congruence relations of L. However, sums in Con (L) are in general 
not the same as sums in the lattice of all congruence relations of L. For 
concepts used in this paper and not defined, we refer the reader to [2] 
and [a]. 
3. TEE LATTICE OF COMPLETE CONQRUENCE RELATIONS OF A COMPLETE 
CHAIN 
The main purpose of this section is to prove that if C is a complete 
chain, then the lattice Con (C) of complete congruence relations of C is 
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a Heyting algebra. We will also show that Con (C) is not necessarily a 
Boolean algebra. 
If L is a complete lattice then the congruence classes of a complete 
congruence relation are closed intervals. If in particular, L is a complete 
chain C then every partition of C in closed intervals induces a complete 
congruence relation, as can be easily seen. We first recall the following 
theorem which holds for universal algebras with finitary and possibly 
inflnitary operations but which, for convenience, will be formulated for 
complete lattices. 
THEOREM 3.1. Let .L be a complete lattice. Let 81, 02 E Con (L), 8igOa. 
Let 82 E L/O, be defined by [xl+ E [g]e,(&) *x = y(&), for 2, y EL. Then 
vh, e2icon (L) E Lo, mCon del). 
THEOREM 3.2. Let C be a complete chain and suppose 80 E Con (C). 
Let (C’,)jc~ be the set of congruence classes of C modulo 80. Then 
[O, eOICon (c) s ,$ Con (C,). 
PROOF. Define for 0 E [0,8 ] o con (c) and for each j E J, 0, E Con (17,) by 
2 E y(@) +x = y(8) for x, y E C*. Now define 
f : (0, VOICES (f-7) -+ X Con (Cj) 
fCJ 
by (fwj = e, for 8 E [o, eolcon (c) and for each j E J. It is easy to see that 
f is an isomorphism. 
LEMMA 3.3. Let C be a complete chain. Then Con (C) is pseudo- 
complemented. 
PROOF. Let 0 E Con (C). For each c E C, let lc, E] = [c]~. We now define 
for each c E C elements c” and ,c of C as follows : 
(1) if c<E, then c”=c; 
(2) if c=Z, then c”= n {z: z:<Z, s:zc, xc C} and dually for ,c. 
Note that 2 QC <c” for each c E C. We now proceed in steps and prove: 
(i) For c, c’ E C, c’ E [,c, c”] we have 7 =c” and ,c’= p. It suffices to prove 
that 7 =c” and we may assume c, tc” and c#c’. We have the following 
cases : 
(i)l c < c’ cc”. Since c < G”, it follows from (1) that c = E. Also, c’ = z since 
if c’<z then c=C<c’ ==+c=C<&<c’<~ +-c”gc’<c’<c”. Contradiction. 
Hence c’ = c’ and thus by hypothesis and by (2), 7 = E. 
(i)a c’=c”. If c’<F then by (l), ?=~‘=a. If c’=z then again by (2) 
and since c<c’=c”, we have ?‘=c”. 
(i)s c < c’ cc. By the dual of (2) we have c = c. Also c’ =?. Indeed, 
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suppose c’<z. But then c’<c=c =+c’<c =+c/<c’<z<q=c =+ (by the 
dual of (2)) c_>T>c’ =+G_>c’. Contradiction. Hence c’ = 2. Thus we have 
by (2), Z={g: g<f, p>c’, XE C}. Now if XE C and z<Z, z>c’, then 
gr:>c. Indeed, suppose p<c. Then c’<g<c=_c =+c’<g:<Z<c *(by the 
dual of (2)) ZG,C =+- c’ G g < P < c * c’ < c. Contradiction. Thus F > c and it 
follows that 7 =I% 
u 
(ii) If c, c’ E C and [_c, IYJ r\ [<, ?‘J f B then [,c, Zj = [<, 21. By hypothesis, 
there exists x~Csuch that XE [_c, El n [<,?j. By(i), _c=x=c’ andc”=Z=?. 
It follows from (i) and (ii) that the set of closed ink&al; {[,c, Zj: c E C) 
forms a partition of C which therefore induces a complete congruence 
relation 8* E Con (C), such that [cl,* = [_c, ZJ for c E C. 
(iii) &3*= 0. Suppose 80*# 0. Then there exist c, c’ E C, c + c’, such 
that c = c’(0) and c F c’(f)*). We may assume ccc’. Thus ccc’ ~2 = C. 
Then by (l), c=c”. But Z=T, thus c =7 contradicting c<c’<T. 
(iv) If 0i E Con (C) and 88i= 0 then &<8*. Suppose e1 4 8*. Then 
there exist c, c’ E C such that c = c’(&) and c $ c’(e*). We may assume 
c < c’. Now c”< c’ since c’ <c” * ,c < c < c’ <c” =+ c = c’(e*). Contradiction. 
Therefore c”< c’. Let [cl+ = [c’]e, = [a, b]. We have a 6 c <c”< c’ <b and we 
consider two cases: 
(iv)1 C-CC’. If E<b then c = E(fJr) but c GE c-(e) and C-CC’, SO Mi# 0 but 
80i=O and thus 5>b. But then c<c<b<~ =+c = b(0). Also c G b(&) and 
c< b 50 eel z 0. Contradiction. 
(iv)2 c=E. Then by (2) c”= JJ { t: p<P, g>c, x E C}. But c”<b. Hence 
there exists x E C, xtl, c”<g:<b. Suppose Z<b, then a<c<iJ<pgZ<b =z- 
+ g = z(f3,). But also g = z(e) and 8~8, thus 88i# 0. It follows that 
2 Q b. But Z>b =+p<b<tZ *II: = b(8). Also a<c<gcb =+a: = b(&) and 
again it would follow that 8&f 0. Thus Z > b which together with Z z& b 
yields a contradiction. 
It follows from (iii) and (iv) that tY* is the pseudocomplement of 8, 
completing the proof of the lemma. 
LEMMA 3.4. Let C be a complete chain. Then Con (C) is relatively 
pseudocomplemented. 
PROOF. Let &, e2 E Con (C), 8i <e2. We must prove that [&, B2&, (c) 
is pseudocomplemented. Let & E Con (C) be defined aa in Theorem 3.1. 
Then we have by this theorem, [ei, &]con (c) G [0, &]con (c/e,). But C/e, 
is a complete chain and therefore Con (C/e,) is pseudocomplemented. But 
a principal ideal in a pseudocomplemented lattice is again pseudocom- 
plemented. This proves that [or, t%]coa (0) is pseudocomplemented. 
LEMWA 3.6. Let C be a complete chain. Then complement&ion in 
Con (C) is unique. 
PROOF. Suppose 8, e1 E Con (C), 8+&= 1, 8&= 0. We will show that 
t9i =0*, where 0* is the pseudocomplement of 8. Let for c E C, [c]e= lk, EJ 
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and [c]e,= [_c, Zj. It follows from the proof of Lemma 3.3 (cf. (1) and (2)) 
that we must prove the following. If c E C, then 
(3) if c<E then c=c” 
(4) if c=E then I?= I-J {g: g<Z, F>C, 2 E C> and dually. 
It suffices to prove (3) and (4). To prove (3) suppose c < c”. Now 
c E k, E] n [,c, a. Also EC”<5 and c<c<c” =+p<C *~gEc. Thus WE b,d. 
Similarly EC E [_c, Zj and thus WE k, E] n [_c, 5-J It follows that c = &@3i) 
and hence c =Ec”. But %=6 or c”, so c=6 or 2. Contradiction. For the proof 
of (4) let b= JJ { p: ~<P,g>c, ZEC}. Thus we must show that c”=b. 
We proceed in steps and prove: 
(i) if 2 E (c, b), then g =P =z. Indeed, assume first that p < x then 
c=Etx+c=E<x<x<f. Thus by definition of b, b<g<x but x<b. 
Contradiction. Next, assume 5 cd. Then c = c’< x =+ E< 1: <xc 5 and thus 
b <g<x but z< b. Contradiction. It follows that p=Z=x. 
(ii) b = 8. Suppose i < 8. By defkition of b, there exists x E C such that 
b<g:<6, g<Z, g:>c. We have two cases: 
(ii)1 Z<6;. Then j?<b<g:<it<fi and thus 3 z Z(&) and also g z Z(6). 
But this contradicts Ml= 0 since g# f. 
(ii)2 Zag. Then j?<bc;g-ch<Z and thus g = !i(&) and also g G i(O). 
But this again contradicts 88r= 0 since g#&. 
(iii) c”= b. Thus by (ii), we must prove I?= b=8. By definition of b, 
c<b thus c<g=b and hence 5~8. Suppose c”<g=b. Then kb. Let 
8’ E Con (C) be defined by the set consisting of the following “closed 
intervals: (El ; the congruence classes modulo 81 which are contained in 
(E, _b), and by [ZJ). Since c”<k we have c” f b(P) and thus 0’< 1. We show 
that 0 G 8’. Thus we must show that if z is an element of C, then a: E Z(V). 
We have three cases: 
(iii)1 t E (ZJ. We must show that Z E (4. First assume g<c=E. Then 
Z(E(=c)<c” so S<c”. Next, assume c=c’<g:<c”. Suppose Z>c” then 
c=d<g:<c”<Z and thus by definition of b, b<x<c” or 5~8, but 8~8. 
Contradiction. Hence Z < 5. 
(iii)2 3 E (5, Z$ We must show that z=Z. We have c<c”<z:< k gb and 
thus 0 E (c, b) and by (i), g=Z. 
(iii)3 g E [i). To show Z E [i), but this is trivial. 
It follows that 6 ~8’ and since obviously 0i ~0’ we have 8 + 6i ~8’ < 1. 
Contradiction. This completes the proof of the lemma. 
THEOREM 3.6. Let C be a complete chain. Then Con (C) is distri- 
butive. 
PROOF. We prove that relative complementation in Con (C) is unique. 
Thus suppose 81, 02 E Con (C), 81~8s. It follows from Theorems 3.1 and 
3.2 that [or, Ba]con (c) g XJ~J Con (C,), where (Cj)fr~ is a set of complete 
chains. By Lemma 3.6, in each Con (C,) complement&ion is unique. 
Hence complementation in [ei, 8s]con (c) is unique. 
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COROLLARY 3.7. Let C be a complete chain. Then Con (0) is a Heyting 
algebra. 
PROOF. By Theorem 3.6 and Lemma 3.4, Con (C) is a distributive 
relatively pseudocomplemented lattice. Therefore Con (C) is a Heyting 
algebra (cf. [2]). 
REIVMRK. It also follows that Con (C) satisfies the infinite distributive 
law : 
e 2 er= 1 eet. 
id t6I 
The question arises whether Con (C), C a complete chain, is necessarily 
a Boolean algebra. The following example shows that the answer is in 
the negative. (The author is indebted to A. Bousfield and J. Berman for 
helpful discussions which led to this example). Let I = [0, l] be the real 
unit interval and assume that each element of I is represented by its 
ternary expansion. Consider the class f of closed intervals [z, y], where 
z=o*slz!J . . . X*1, y=o*9&7& . . . xk2 with 9 E (0, 2) for 1 <i < k. (Thus the 
intervals (x, y) are the middle third intervals used in the usual construction 
of the Cantor discontinuum). Let 8 be the complete congruence relation 
on I defined by the intervals belonging to 9 and the closed intervals 
[x, x], x E I N u 9. We will show that the pseudocomplement 8* of 8 
is 0. Using the notation of the proof of Lemma 3.3, we must prove that 
for c E C, _c=F=c. If c E (2, y) for some [x, y] E 4 then it follows immedi- 
ately from (1) and from its dual that c = ,c = c”. If c =x for some [q y] E 9 
then c=x<y=E so again by (l), c”=c. In order to prove that in this case 
c = c note that c = z = c, thus we must use the dual of (2). Assume 
x=o*xlzz . . . zkl, x6 E (0, 2) for 1 <i G k. Suppose x E 1 and z<x. Then 
there exists v E I, z G v <x and where v = 0. ~1x2 . . . X&jlyZ . . . yD, ?/r = 2 for 
l~iglp and for some p>l. Let 21=O*xrxa . . . xbOyiy2 . . . ~~-11 then 
[u, v] E 3 and it follows from the dual of (2) that E =x=c. If c= y for 
some [x, y] E 9, then _c=x<y=c, so by the dual of (l), ,c=c. In order 
to prove in this case that c”= c, note that C= y =c so (2) must be used. 
Assume that y= 0.~1~2 . . . xr2, xt E (0, 2) for 1 Q i G k. Suppose z E I and 
y < z. Then there exists zc E I, y < ZL < x and where u = 0 * ~1x2 . . . Xk2yly2 . . . 
. . . yPl, yd=O for Igi<p and for some p. Let v=O.xrxa . . . zk2yry/2 . . . yP2 
then [u, v] E J and it follows that c”=c. Finally, suppose c E I - u 4 
In this case c =c =E so (2) and its dual apply. Since c E I N u Y, c has 
an inflnite expansion (i.e. it does not end in all O’s or in all 2’s) and this 
expansion has only O’s and 2’s as digits. Now suppose zsc. We must 
show that there exists an interval [x, y] E 3 such that c<x GZ. We may 
assume that z E I N u 9, hence both c and z have an infinite expansion 
with only O’s and 2’s as digits. Let c = 0. wrwa . . . wk-rwk . . . and z = 0. wiwa . . . 
*.. w&l?& . . . where wk#zk. But C<Z SO wk=o and zk=2. Let X=0-WlW2 . . . 
. . . wk-11 and y=O-wlwz . . . wk.42 then c <x <z and [x, y] E J. It follows 
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that c = ,c. A similar argument shows that c = c”. We conclude that 8* = 0 
and therefore 6 is not complemented. 
4. COMPLETELY DISTRIBUTIVE COMPLETE LATTICES 
We start this section with recalling some more definitions and results. 
If L is a lattice and a, b E L, we write a < b (or b covers a) if a( b and 
(a, b) =O. L has the jump property if for all a, b E L, a < b, there exist 
c,d~Lsuchthata~c<dgb. Lisdenseinitselfifforalla,b~La<b, 
(a, b) #f(d. If a, b E L then b is an immediate predecessor of a if b <a and 
(a] =(b] u {a}. An 1 e ement a of a complete lattice L is completely join 
irreducible if a< 2 S, for @#S C L implies a<s for some s E S. Note 
that if L satisfies the infinite distributive law stated after Corollary 3.7 
(and thus in particular, if L is completely distributive), then the condition 
of complete join irreducibility is equivalent to the following definition: 
a E L is completely join irreducible if a = 2 S, 0 #S & L implies a = s for 
some s ES. A complete ring of sets is a complete lattice whose elements 
are subsets of some set with set-theoretic operations as lattice operations 
(finite and infinite). 
THEOREM 4.1, (Balachandran [l], Bruns [3], Raney [5]). Let L be a 
complete lattice. The following are equivalent : (i) L is a complete ring 
of sets; (ii) every element of L is the sum of completely join irreducible 
elements. If in addition, L is completely distributive, then (i) and (ii) 
are equivalent to: (iii) L has the jump property. 
Before stating the next theorem, recall that a complete chain is com- 
pletely distributive (cf. [2]) and also note that a non zero element of a 
complete chain is completely join irreducible if and only if it has an 
immediate predecessor. 
THEOREM 4.2. (Raney [6], [7]). Let L be a complete lattice. The 
following are equivalent : (i) L is completely distributive; (ii) for a, b EL, 
a $ b, there exist p, q E L such that a Q p, b 2 q and L = (p] u [q) ; (iii) 
L is a subdirect product of complete chains. 
LEMIvW 4.3. Let L be a complete lattice and let a E L, a# 0. The 
following are equivalent: (i) a is completely join irreducible; (ii) there 
exists a’ EL, a Z& a’ such that L = (a’] u [a) (and moreover (a’] n [a) = 0). 
If in addition, L is completely distributive, then (i) and (ii) are equivalent 
to: (iii) a has an immediate predecessor ao. 
PROOF. If a is completely join irreducible and a’= L*a s, then (ii) 
is immediate. That (ii) implies (i) is also immediate. If L is completely 
distributive and a is completely join irreducible, let ao= & a .s, then ao 
is an immediate predecessor of a. 
(iii) +- (i) is trivial. 
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LENA 4.4. Let L, L’ be complete lattices and let h: L + L’ be a 
complete homomorphism which is onto. Suppose b E L', b completely join 
irreducible. Let a = n {X E L; h(z) =b}. Then a is completely join irre- 
ducible and if b # 0, then a# 0. 
PROOF. It is easy to see that a = n (X E L: h(z) > b} and that h(a) = b. 
If b = 0, then obviously a= 0. Thus assume b # 0. By Lemma 4.3, there 
exists b’ E L’ such that b $ b’ and L’= (b’] u [b). Let a’= 2 {X E L: 
h(s) <b’). For x E L, h(x) <b’ or h(z) > b, so x < a’ or x> a. Thus L = (a’] u 
u [a). Also a 4 a’ since a < a’ implies h(a) < h(a’) and thus b <b’. Finally, 
since CG Q a’, a#O. It follows from Lemma 4.3 that a is completely join 
irreducible. 
LEMMA 4.5. Suppose L is a complete lattice which is a subdirect 
product of complete chains. Then L is dense in itself if and only if each 
chain is dense in itself. 
PROOF. Suppose L is a subdirect product of complete chains (G~)w. 
If for is E I, Cr, is not dense in itself, then C’r,, has a non zero completely 
join irreducible element, but then by Lemma 4.4 L also has such an 
element. But since each CC is completely distributive, L is completely 
distributive and it follows that L has an element which has an immediate 
predecessor and therefore, L is not dense in itself. Next, suppose that 
each C’g is dense in itself. Let for 2 EL, g denote the projection of x on Cr. 
Suppose a, b E L, a <b. There exists is E I such that ato < br,. By hypothesis, 
there is an element u E Go such that Q~<ZL< bt,, and an element c E L 
such that c+,=u. Since (a+cb)+,=u, we have u<u+ cb< b and thus L is 
dense in itself. 
THEOREM 4.6. Let L be a completely distributive complete lattice. 
The following are equivalent: (i) L has no completely join irreducible 
elements except 0; (ii) L is dense in itself. Moreover if L is dense in itself 
then every complete homomorphic image of L is dense in itself. 
PROOF. (i) +- (ii). By Theorem 4.2, L is a subdirect product of complete 
chains. By Lemma 4.4, each of these chains have no completely join 
irreducible elements except 0. Therefore each chain is dense in itself and 
thus by Lemma 4.5, L is dense in itself. (ii) + (i). Immediate from Lemma 
4.3. Finally, suppose L is dense in itself and L’ is a complete homomorphic 
image of L which is not dense in itself. Then by (i) =+ (ii) of this theorem, 
L’ has a completely join irreducible element # 0 and it follows from 
Lemma 4.4, that L has such an element. But then again by (ii) ==+ (i) of 
this theorem, L is not dense in itself. Contradiction. This completes the 
proof of the theorem. 
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THEOREM 4.7. Let L be a completely distributive complete lattice 
which is not a complete ring of sets. Then L has a complete homomorphic 
image which is not 1 and which is dense in itself (and which is therefore 
inflnite). 
PROOF. By Theorem 4.1, there exists an element a E L, a # 0 which 
is not the sum of completely join irreducible elements. Let Li = (a]. It is 
obvious that an element of Li is completely join irreducible in Li if and 
only if it is completely join irreducible in L. Also note that LIZ 1. Let 
ao = 2 {z E L1 : x completely join irreducible in LI). Then a,-, < l~~( = a). If 
h: L --f L1 is defined by h(x) = ax for z EL then obviously, h is a complete 
homomorphism which is onto. Let 0 be the congruence relation on LI 
defined by x z y(6) +x+ao=y+ao, for x, y E LI. Then 0 is complete and 
therefore the homomorphism hi : LI --+ LI,, is complete (and onto). Since 
obviously a + a(8), we hsve that LI/,# 1. We show that 0 is the only 
completely join irreducible element of Ll,,. Indeed, suppose b E LQ, b # 0 
and b completely join irreducible. Then by Lemma 4.4, there exists an 
element al E LI, al # 0, hi(a) = b and al completely join irreducible. But 
then al Q Q and therefore hl(al) = b <W(Q) = 0. Contradiction. By theorem 
4.6, L1,, is therefore dense in itself. Since LI/, is a complete homomorphic 
image of L and LQ # 1, the proof is complete. 
COROLLARY 4.8. Let L be a completely distributive complete lattice 
which is not a complete ring of sets. Then L has a complete homomorphic 
image which is not 1 and which is a complete dense in itself chain. 
PROOF. By Theorem 4.7, L has a complete homomorphic image LI f 1 
which is dense in itself. But by Theorem 4.2, LI is a subdirect product 
of complete chains. Since LIZ 1, at least one of those chains is not 1 
and this chain is by Lemma 4.5, (or by Theorem 4.6) dense in itself. 
5. CLASSES OF COiWPLETELY DISTRIBUTIVE COMPLETE LATTICES 
In this section we will investigate two specisl classes of completely 
distributive complete lattices. The first of these is the class 3? consisting 
of all completely distributive complete lattices all of whose complete 
homomorphic images are complete rings of sets. We have already observed 
in section 1, that complete atomic Boolean algebras and complete (dual) 
ordinals belong to 92. The first of these facts is of course known and the 
second follows immediately from Theorem 4.1. We will now show first 
that every countable, completely distributive complete lattice also belongs 
to 92. 
THEOREM 5.1. Let L be a completely distributive complete lattice 
which is countable. Then L belongs to W. 
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PROOF. It suffices of course to show that every completely distributive 
complete lattices which is countable is a complete ring of sets. We Grst 
prove this for complete chains. Thus, suppose that C is a countable 
complete chain and assume that C is not a complete ring of sets. Then 
by Theorem 4.1, C has not the jump property. Therefore C has an interval 
[a, 131, a<b, which is dense in itself. But [a, b] is countable and therefore 
[a, b] is isomorphic to the unit interval of the rationals which however, 
is not complete. It follows that C is a complete ring of sets. The general 
case follows now immediately from Theorem 4.2. 
Our main result concerning the characterization of 9 is contained in 
the following theorem. 
THEOREM 5.2. Let L be a completely distributive complete lattice. 
Then L E 9 if and only if Con (L) is completely distributive. Moreover, 
if L E W then Con (A) is isomorphic to 2x for some set X. 
We will prove a sequence of lemmas which will lead to the proof of 
the theorem. 
LEMMA 6.3. Let C be a complete chain which is dense in itself and 
C # 1. Suppose 8 E Con (C). Then we have : (i) if 8 # 0, there exists 
8i E Con (C) such that 0 < 131~ 8 ; (ii) if 0 # 1, then there exists 81 E Con (C) 
such that 8 < 01~ 1; if 8# 0, 1, then there exists 81 E Con (C) such that 
e1 < 0 and e1 2 8. 
PROOF (i). By hypothesis, 8 has a congruence class [a, b] such that a < b. 
By density of C, there exists an element a’ E C, such that a<a’< b. Let 
81 E Con (C) be defined by [a, a’] and the intervals [z, ~1, z E C N [a, a’]. 
Obviously, O<& ~8. (ii) 8 has a congruence class [a, b]# C, thus either 
O<a or b < 1, say, O<a. If [O]e= [0, c] then c<a. By density of C, there 
exists d E C such that c < & < a. If [d]e = [dl, ds], then c < di 6 d < ds < a, Let 
8r E Con (C) be defined by [di, b] and the intervals [~]e for 2 E C N [aI, b]. 
Then 8 < 81~ 1. (iii) Since 0 < 8 < 1, 8 has a congruence class [a, b] such 
that a < b and [a, b] f C, say a # 0. By density of C there exist G E C such 
that 0 <c <a and d E C such that a< d < b. Let 0i E Con (0) be defined 
by [c, d] and the intervals [x, z], x E C N [c, (11. Obviously 6i Z& 8 and 
01 3 0. 
LEMMA 5.4. Let C be a complete chain whicth is dense in itself, C#l. 
Then Con (C) is not completely distributive. 
PROOF. In this proof we will without danger of confusion, denote both 
the zero (one) element of C and of Con (C) by O(1). Also note, that since 
C # 1, we have that Con (C) # 1. We will show that Con (C) does not 
satisfy condition (ii) of Theorem 4.2. Suppose there exist f3i,& E Con (C), 
such that 1 < &, 0 2 e2 and such Con (0) = (&] u [e2). NOW 0 # &, since 
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0=6r implies Con (C) = (01 U [es). But 62 # 0 so by Lemma 6.3, there 
exists 8’ E Con (C) such that O< 8’ cd2 and then 8’ $ (01 u [&), Contra- 
diction. Hence Oc&< 1. Similarly, again applying Lemma 5.3, it follows 
that 6s # 1 and thus 0 c 02 < 1. We will now show that there exists 
B&on(C) such that eg(el]u [e2). Sin0e0<81<1 and0<82e1, elhasa 
congruence class [al, bl] and 0s has a congruence relation [a~, ba], such that 
al<bl, [ai, bi]#C, az<bs and [a~, ba]#C. There are two oases: 
(i) [a~, b2] C [a, h]. S ince [al, bl]#C either O<ai or bl< 1, say br<l. 
Let 0 E Con (C) be defined by the closed intervals [bl, l] and [z, z], 
x E C - [bl, 1-j. N ow bl E l(0) but bi $ l(el) SO 8 4 19~. Again, a2 = b2(e2) 
but os#b2~bl SO a~ $ b2(8) and thus e2 Q 8. Hence 0 4 (&I u [e,). 
(ii) [az, &I $ h, bll. Th en either bz > bl or al <aa, say b2 > bl. Let 
a= ua + bl. But aa < b2 and bl< bz, thus a < bz. By density of C, there exists 
GEC, such that u<ctbz. Thus blgu<c<b2. So bl g-k c(&) since 
bl = c(t&) =+ c E [aI, bl] =G- c< bl, but c> bl. Let 8 E Con (C) be defined by 
the closed intervals [bl, c] and [z, x], z E C N [bl, c]. So bl 3 c(0) and thus 
8 4 81. Again, we have ua ~a <cc b2. Therefore c E b2(&). But also 
bl <cc b2 so b2 q! [bl, c] and thus b2 + c(e). Therefore e2 Q 0. It follows 
that 0 + (&I u [ea), completing the proof of the lemma. 
LEBTNA 6.6. Let L be a completely distributive complete lattice such 
that Con (C) is completely distributive. Then L is a complete ring of sets. 
PROOF. Suppose L is not a complete ring of sets. By Corollary 4.8, 
there exists a complete onto homomorphism h: L -+ C, where C is a 
complete chain which is dense in itself and C# 1. By Lemma 5.4, Con (C) 
is not completely distributive. Let 8 be the kernel of JL. Then Con (C) r 
[e)0,,,, (L). Thus [Q, (~1 and therefore Con (L), is not completely 
distributive. 
Before we will state the next lemma, we will introduce the following 
useful notation. Let L be a complete lattice. Then Cons (L) = (0 E Con (L) : 
L/B is a complete ring of sets}. COIQ (L) is considered as a partially ordered 
set under the same partial ordering as that of Con (L). 
LENMA 5.6. Let L be a complete ring of sets and let X be the set of 
completely non zero join irreducible elements of L. Then Cons (L) g 2X. 
PROOF. By Theorem 4.1, if a~ L, then a= z {z: 2 EX, ~<a}. Let 
8= (z: x E X, x<u) then the map a I+ d is a regular embedding (i.e. a 
one - one complete homomorphism) of L into 2x (of. [2]). We now define 
for every X1 C X a map hxi : L + 2X, by ixi(u) = 12 A Xi. Obviously, hxl 
is a complete homomorphism and hx,[L] is a complete ring of sets. There- 
fore 6Jxi = kernel hx, E Con0 (L). The map Xi I+ 0x1 for Xi L X establishes 
a map 2x --f Cons (L). We now proceed in steps and show: 
(i) the map is onto. Let 80 E Con0 (L) and let h: L + L/o0 be the 
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canonical homomorphism. Let YO be the set of completely non zero join 
irreducible elements of L/Q and let 
xo={h(zpv z:yg Yo}=( l-I z:yE Yo}. 
h(dr3w 
Then by Lemma 4.4, X0 Z X. We claim that Ox,=Be. It suffices to show 
that h(a) =h(b) -d n X0 =s n X0. Suppose first, h(a) =li(b) and let 
x0 E d n X0. Thus 
We have W(XO) = yo. But also, x0 <a =+ y,~ = h(a) G h(a) = h(b) =z- yo Q h(b) =+ 
-~0~b~xe8~~0~8nX~.Next,suppose~nX0=8nX,-,. Wemust 
show that h(a) = jL(b) that is, we must show that Ys n (h(a)] = YO n (h(b)]. 
Suppose ys E Y. n (h(a)]. Let 
zs= n z, then 20 E X and I =yo. 
h(8) >lfo 
Now 
Hence YO n (h(u)] C YO n (k(b)]. Th e reverse inequality follows similarly. 
(ii) Xi C Xs =+ 8x1 >Oxs for Xi, Xs G X. This is obvious. 
(iii) exl > ex2 =+ Xi & X2 for Xi, X2 C X. Suppose Xi $ X2. Then 
there exists x E Xi, z $ X2. Since x# 0, z has by Lemma 4.3 an immediate 
predecessor 30. We first show that xs 3 x(0x2). Thus, to show that 
6?onX2=0nX2. NOW 
Again,yEdnX2~y<x,y~X2.Buty#xsincey=xwouldimplyxEXg. 
Hence y<x and therefore y<xo and it follows that y E $0 n X2. Next 
we show that x0 $ x(0x1). Thus we must show that go n Xl 24 n X1. 
Now x0tx-xqi~~nX~1. Again, x~x,xEX~~XE~~X~. Hence 
5? n Xi $ &I n Xi. It follows that Ox, 2 Bxa completing the proof of (iii). 
It now follows that the map Xi I-+ Oxi for Xi & X, establishes an 
isomorphism between the dual algebra of 2x and Cons (L). But a Boolean 
algebra is isomorphic to its dual and therefore Con0 (L) and 2x are 
isomorphic. 
We are now ready to prove Theorem 5.2. 
PROOF OF THEOREM 5.2. First, suppose L 4 W. Then there exists 
8 E Con (L) such that L/e is not a complete ring of sets. By Lemma 6.5, 
Con (L/e) is not completely distributive. But Con (L/O) = [t9), (L) and thus 
Con (L) is not completely distributive. Next, assume that L E 9?. But 
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then by Lemma 5.6, Con (L) =2X where X is the set of completely non 
zero join irreducible elements of L. 
We finally consider the class 9 of all completely distributive complete 
lattices none of whose complete homomorphic images (except 1) is a 
complete ring of sets. The following theorem characterizes the class ~9. 
THEOREM 5.7. Suppose L is a completely distributive complete lattice. 
Then L E 9 if and only if L is dense in itself. 
PROOF. Suppose L is dense in itself. Then by Theorem 4.6, L has no 
completely join irreducible elements except 0. If L’ is a complete homo- 
morphic image of L, then it follows from Lemma 4.4 that L’ has no 
completely join irreducible elements except 0. If in addition, L’ # 1, then 
we infer from Theorem 4.1 that L’ is not a complete ring of sets. Next, 
suppose that L is not dense in itself. Then by Theorem 4.6, L has an 
element a, a# 0 such that a is completely join irreducible. But then the 
map h: L -+ 2, defined by h(z) = 0 +-2 2 a is a complete onto homo- 
morphism. Hence L has a complete homomorphic image which is a 
complete ring of sets and which is not 1. This completes the proof of 
the theorem. 
REFERENCES 
1. Belachandran, V. K. - A characterization of Z A - rings of subsets, Fund. Math. 
41, 3&41 (1964). 
2. Balbes, R. and Ph. Dwinger, - Distributive Lettices, University of Missouri 
Press, Columbus, Missouri, 1974. 
3. Bruns, G. - Verbandstheoretische Kennzeichnung vollstiindiger Mengenringe, 
Arch. Math. 10, 109-112 (1959). 
4. Grgtzer, G. - General Lattice Theory, Birkhkuser Verlag, Base1 Stuttgart, (1978). 
5. Raney, G. N. - Completaly distributive lattices, Proc. Amer. Math. Sot. 3, 
677-680 (1962). 
6. Raney, G. N. -A subdirect - union represent&ion for completely distributive 
complete lattices, Proc. Amer. Math. Sot. 4, 516-522 (1963). 
7. Raney, G. N. - Tight Galois connections and complete distributivity, Trans. 
Amer. Math. Sot. 97, 416-426 (1960), 
423 
